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A f t e r  der iv ing  the  basic equations f o r  the case of nonstat ionary 
motions i n  proper g r a v i t a t i o n a l  f l e ld  and t he  required concomitant s o l a t i o n  
of E i w t e i n  g r a v i t a t i o n a l  f i e l d  equations (wi th  the included impulse energy 
conservation equat ions) ,  the author8 offer general so lu t ion6  for t h e  p a r t i -  
c u l a r  c a ~ e e  of t he  equations of stat., applying them t o  various problems 
of cosJnology. 

I n  the ca8e of nonstationary motions i n  proper grav i ta t ione l ,  f i e l d s  
so lu t ion  of E i r u t s i n  g r a v i t a t i o n a l  i t  is necessary t o  seek t h e  concomitant 

f i e l d  equat ions and of t he  equations of impulse energy conservation comprised 
i n  them b 1  

R i b -  f 6th I xT4' 

T: = ( p  + E )  U~U' + b?p = y- W U ~ U ~  + &:p 

x = -  &rc W = ( p  + e) v = E  + pv 6' 

k Here R$. is the  curvature tensor ,  T is the impulse energy tencor ,  

% is the  E i n s t e i n  g rav i t a t iona l  constant ,  W is the  heat content per u n i t  

* HESTATS ION- ADIABATICHESKIYE TSEPJTRAL ' N O S  R 3 M E T R I ~  DVIZEENIYA 
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of B ~ C ~ ~ D Q ,  fl is t he  specific volume, 

motions, the  time-apace metr ic  nsj be chosen in the  following form t 

- t he  component four v e l o c i t i e s .  
If re limit our6elves t o  the considerat ion of centrally-eymmetrlcal 

I n  the following we s h a l l  s tudy only the  radial  flows, when @ I dt I 0, 

@ 1 dt = 0. In t h i s  caue, t h e  chronometrically-invariant three-dimensional 
velocitJr is given by t h e  expression I 

H e r e  dr i e  the proper time olement and the components of  &veloc i ty  
rill take the form 

0 0  P r x 6  i d t  TI?-'/*', i UO = goouO 3 - i e'/sv 
0 I 

- 4  I 
a J / n A ,  01 = gllul = - ce c'ls A, uOuo + u1ul - 1 (1.3; 

dr I a u1 e -- - - 
d.rr d) ce I 

The impulee energy conservation e q a a t i o m  (1.1) give u t h e  equa- 

dp, where t i o n s  of motion and the cont inui ty  equation. Since dW = Tdb + 
T is t he  absolute  temperature, 6 IB the entropy, for the  ad iaba t i c  processes 
under considerat ion i t  I s  &ill necessary t o  u t i l i z e  the  entropy conserva- 

t i o n  equat ion I 
The system of equatioxm (1.4) is t h e  complete system of conservation I 

eauatio- charac te r iz ing  the ad iaba t ic  flows. Subs t i t u t ing  here  the compo- 
nents  of k v e l o c i t y  (1,3), and tak ing  i n t o  account t h a t  



we shall o b t d n  a system of ~ d r o d ~ n d c s  equations of radial iDorrr in the  

proper g r a v i t a t i o n a l  f i e l d  

Note t h a t  the expreseion for t h e  ve loc i ty  a* d o n g  t he  charac- 
t e r i s t i c s  of these equations ha8 t h e  6- f o m  a8 i n  t h e  Specid. theorg 
of r e l a t i v i t y  

T U B ,  inc ident ly ,  is quite natural, for t he  presence of  a gravi ta-  
t ions l  f h l d  cannot modify the  local cor re l a t ion  between the chronoaetrical- 
ly - invar ian t  components of t he  three-dimensional v e l o c i t i e e  a*, a, w ,  metmu- 

red at each poin t  r by t h e  hour8 of the observer s i t u a t e d  a t  the  same point .  
However, rcl follows from (1,6), the f-t c h a r a c t e r i s t i c  at  divergence 
f r o n t  ( u = o j  lis found to be tactii i i ieaz in rarfsb~rrr C , ~ , ~ ! z i r t ?  have a 
phys ica l  6en8e, while i n  var iab les  r,t i t  i e  Curvilinear.  . 

L e t  us write dom the f i e l d  equations 

(1.7) 
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4. 

For the  given equation of 6tate p = p ( c )  the equations (1.5) and 
the f i r s t  equation (1.8) determine t h e  ao lu t ion  

.. 1) In the s t a t i c  caue a r O  the  mcond equation (1.8) gives 

and from (1.5) we have 

(1.9) 

Sub6equently, from equation8 (1.7) we have 

.Taking advantage of the80 oor re la t ions ,  re ehal l  elimLnate 3(r) 

from (1.9) 

[Note t h a t  at p r c o n s t  i t  stems from t h e  equation ( 1 , l O )  the  equa- 
t i o n  of 8tate of a closed s t a t i c  model of t h e  E ins t e in  Universe 

t + 3 ~ 3 0 .  
Hence we conclude t h e t  the E ins t e in  model COrre6pOnd6 t o  a etar 

=de1 $-th ennahnt  negr_tive peasure.  From t h e  viewpoint of an ou te r  
obeerver, t h e  closed s t a t e  o f  such a star implies  the  imposs ib i l i ty  of 
cross ing  the etar's boundary by a geOd86ic l i n e  of any signal; it  however, 
does not ref lect ,  in pr inc ip le ,  t h e  absence of t h e  boundary. That 3.8 why 
t h e  closed static model may be viewed as an autonomom bounded non-Eacli- 
dean formation, immersed in the  ou te r  s p a t i a l  background, and, by way 
of consequence, the  closed b t a t e  does not imply in any way the unique- 
ne66 of t h i a  model of Univeme. 1 

Resolving the  equation (1.10) we determine p ( r ) ,  then A ( r ) , v ( r ) ,  
which fully reeolves  the problem about e q u i l i b r i m .  
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2) A s u b s t a n t i a l  i n t e r n e t  ia offered by the  s tudy of radial flout3 of 
an i d e a l  fluid in t he  given g rav i t a t iona l  f i e l d ,  for example, e i t h e r  the 

ou te r  or i n n e r  Schrarla;hild f i e l d ,  when A SIS X(r), V ILI 3 ( c )  are t he  given 
funct ions of r.1t 5s easy t o  uee t h a t  in thhs case t h e  equations (1.5) w i l l  
be reduced, by mere int roduct ion of t h e  independent var iab le  d r l = A d r , t o  
a form analogous t o  hydrodynamics equations of the  spec ia l  theory of rela- 
t i v i t y ,  and they d i f f e r  from them only by t h e  form of f r e e  term8 

“ 0  a t  - + a - =  at ara . 

For t h e  ou te r  Schrarsobild f l e l d  

v + X t O ,  

Hence 

Here Ho is the  -6 of t h e  cen t r a l  body c rea t ing  the f i e ld .  

3 )  
the  finding of t he  s o l u t i o n  of the aggregate system of equations (1.5) and 
of the equation (1 ,8)  present subs t an t i a l  d i f f i c u l t i e s .  In t h e  conclusion 
of the work we ehsll obtain.th5.e so lu t ion  i n  the  asymptotic case of motions 
walrn verocitias near t h e  speed of right urd the u l t r a r e l a t i v i s t i c  equation 
of state .  H e r e  tbo ,  w e  propose a method of consecutive in t eg ra t ion  of (1.5) 
and of t h e  f i r s t  equation (1.81, with the  u t i l i s a t i o n  of (1,7). 

L e t  1;16 first of  all eliminate from the equations (1.5) the funct ion 
9 =Q(r, t ) u i t h  the he lp  of the  second equation (1,813 we s h a l l  obtain 

I n  the  general case of adiaba t ic  flows in proper g r a v i t a t i o n a l  f i e l d  

4 &L ---- - 

(i.12) 
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In the equatione (1,121 we 8 h d l  pa66 t o  independent va r i ab le s  r , A ;  
t o  t h a t  e f f e c t  we shall f ind  wi th  the a i d  of the  first equation (1,7) and 
of t he  f i r s t  equation (1 ,8)  the Jacobian transformations a (i; r) / B (h; r) ,  

also a l a r ;  ne have 
and 

0 

- . 
(I. 13). 

Here 
-Al = c - ~ ,  Al = 1 + xpr'-e-X, As = d e  + e-1- 1, A,  = x ( p  + e) (r/e)l 

The co r re l a t ions  (1,131 br ing  t h e  equations (1.12) t o  the crymutetric 

form 

Let  u6 recall t h a t  fo r  the se l ec t ed  equation of  s ta te ,  f o r  example, 
at pa" = u,o, e and p ,  t h e  functions tY, d and the equations (1,4) contain 
the t h r e e  unknown function6 

u = v (k, r),  u = u (A, rj, u = u @, rj I 

The in t eg ra t ion  of these equations may be performed by t h e  method 

A f t e r  t ha t  we determine 3 = + ( A ,  r 
which, in variable6 1 , r talsee t h e  form 

of characterietica 
from the f i r s t  equation (1.8) 

Finally, r i t h  the a id  of (1,131 w f ind  t = t ( A, r), which gives 

Thus, the consecutive in t eg ra t ion  of (1,141, (1,131 and (1.15) 
u6 the complete s o l u t i o n  of the problem, 

d .10~8  t o  construct  t h e  B o l u t i O n B  Of b0)SOpiC m t i o n s  
system l i n k e d  with t h e  out l ined 6ymmstr7 center  and not in t he  concomitant 
c a l c u l a t i o n  eystem where a = 0. The three-dimensional v r l o c i t y  a, moastlred 
i n  such reading 8ystem6, has  a 6 p e C i f i C  physical  B e n 8 0  when the  statement 

the readh~g 
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of boundary probleme is made in the glven ou te r  g r a v i t a t i o n a l  f i e l d .  as well 
a6 s tudy  of motion i n  proper g rav ia t t i ona l  f i e l d .  

Woreover, t he  equations (1,s) pass in t h e  limit ewe of g r a v i t a t i o n a l  
f i e l d  absence (Gal i lee  metr ic)  t o  hydrodynamics equation6 of t he  s p e c i a l  theo- 
ry of r t l a t i r i t y ,  uheaeae in t h e  conoardtant reading rrynten such a t r a n s i t i o n  
i 6  InconFistent .  inasmuch 86 t he  l a t t e r  is prec i se ly  determined from the con- 
d i t i o n  of equa l i ty  t o  zero of impulse energy flux. In caae of i s e n t r o p i c  
flows, t h e  system (1,141 is reduced t o  two equations. 

2 . 0  GENERAL SOLU!CIOlos OF PARTICULAR CASES OF EQUATIONS OF STATE 

d D u s t - l i k e  Matter*.- In co~mologica l  problems i t  Fs usually admit- 
ted t h a t  the  preesure vnninhe6 l i t t l e  by comparison with the mean dens i ty  of 
matter i n  the  Universe, t h a t  is, 
we have = 0,  a I n s  =- d l n t  , and the  equatiorr (1,141 rill be consi- 
derably nlmplif ied 

p 4 e = pes. If re poatplate p = 0,  6 ~t const 

U t i l i t i n g  (2.2) and (2.31, we obtain f o r  the funct ion Q ( r , A )  from 

t he  equat ion (1.15) at p = 0 
aV av w e  a aCre a 

X ( F  - 7) = (ee)l+ 7 (2.4) 

T h i s  equat ion is a l s o  reeolved in quadratures. The cha rac t e r i s t i c s '  
equa t ion  

~~~~ 

The problem of gas flow a t  p = O  i n  the  concomitant reading system ras 
first rc:;olved by Tolman i n  1934 [l] .However in t h i s  so lu t ion  the v e l o c i t i e s  
f o r  t h e  i n t r i n s i c  'Schwarttshild problem were n o t  computed. 
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gives%(A, r).- The second i n t e g r a l  determine6 t h e  crolution along t h e  cha- 

rsct  e r i s  t i c s  

* 
Fina l ly ,  t he  f i r s t  equation (1,131 aseigna the l a r r t ,  quadrature 

Therefore,  we  obtained the general  eo lu t ion  of the problem of motion 
of t he  duet-l iae mat ter ,  given by the i n t e g r a l s  (2,210 ( 2 , 6 )  and depending 

upon four a r b i t r a q  functionrr 01, @;$$, x.  

the preliminary d i s t r i b u t i o n  of VelOCitiU6 eo I Go ( X , c )  

i t  is then easy t o  find @s,Sr x. 

When reso lv ing  concrete boundary prob lem,  i t  is necessary t o  ass ign  
and determine 9, 1 

b) U l t r a r e l a t i v i s t i c  Approdmation.- L e t  u6 consider t h e  case of 
a d i a b a t i c  motion8 w i t h  ve loc i t i ee~  near t he  speed of l i g h t .  We pos tu la te  
a / c I 1 - 2 4 ,  where 4 4 1. lqeglecting t h e  higher orders  of emallnelss of 

A, w e  s h a l l  w r i t e  t h e  systems (1.5) and (1,8) in t he  form 

Note t h a t  

g ives  

i n t o  account the four th ,  

(2.8) 
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We s h a l l  transform t h e  t h i r d  equat ion (a ,? )  analogously 

For the r e l a t i v i e t i c  equation of etate 
kpv2 

p = (k- i )e ,  Wo = a (eu + p a )  = 
* 

Hence, t ak ing  i n t o  account t h a t  pJk 3: 6,  we f ind  

Subs t i t u t ing  these values I n t o  the equation6 (2.7) and passing t o  
independent va r i ab le s  p , r ,  re s h a l l  ob ta in  the  6yeter 

The first equation.- intogratod a t  once 

(2.10) 

(2.11) 

After  tha t  i t  iS easy t o  write the so lu t ion  of t h e  second equat ion 
(2,101 

i *A = e - l i ,  (7) p*-ul* = ( I  - 7 F, + e,) F,pa(k-l-l)Ik (2.52) 

Tne t h i r d  equation i2,iG) &reis 

The fourth equation (2,101 may be reso l red  after t h e  determination 
6 FS (7) (2.13) -e 

of  3 =:3(p, r), s ince  A r e -  cl/*( A - 9 1 3 .  For t h e  determination of 3 ue 
shall u t i l i z e  t h e  second equation (1,8), wri t t en  in t h e  var iab les  p, r; 
at t h e  same t inre ,  i n  our approximation 

(2.14) 
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We s h a l l  s u b s t i t u t e  t h e  der iva t ive  atf / a r  from the  four th  equation 

(2,101, and we s h a l l  determine atf / a p  from t h e  second equation (1,7)  

T h i s  equation ass igns  3 = 3 ( p , r ) ,  following which we s h a l l  write 
the  last quadrat- f o r  

ct = ~4 (7) + 5 exp {A ( p ,  r )  - v ( p ,  r)11 dr (2.15) 

The constructed so lu t ion  depends on f ive  a r b i t r a r y  funct ions and 
resolves  the probe1 s e t  up. 

l It may be said t h a t  t&e baaic  equations (1.5) and (1.71, which 
a l l o w  t he  inc lus ion  i n t o  consideration the  electromagnetic fieldrr too,  fully 
descr ibe the  cemtroeymmetrical flomo i n  proper g r a v i t a t i o n  f i e l d  and ray be 

u t i l i s e d  in C08JnOlOgg of i so t rop ic  mpace. The general  theory of r e l a t i v i t y  
in t h i s  context is simply t h e  gas dynamicu of the Riemannian space. 

It 6houLd be noted t h a t  t h e  problem set up here of i nves t iga t ion  of 
exact  eauatioxm, p r a c t i c a l  f o r  t h e  dewcription of the  r e l a t i v i s t i c  motion of  
t h e  medium fn  proper g rav i t a t iona l  f i e ld ,  may be resolved by u t i l i e i n g  the  
v a r i a t i o n a l  methods of the  continuum and the f i e l d  equations c23 1, 
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